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Outline

* Basics of gravitational-wave modeling: why does it matter to predict the shape
of gravitational waves from binary systems?

* Waveform models in post-Newtonian theory for inspiraling binary systems,
their range of validity, and their use in LIGO-Virgo template banks.

* Motivations and development of the effective-one-body formalism for inspiral-
merger-ringdown waveforms of binary black holes, their completion using
numerical-relativity waveforms, and their use in LIGO-Virgo template banks
and inference studies.

* Inspiral-merger-ringdown phenomenological waveforms and their use in
LIGO-Virgo inference studies.

* LIGO-Virgo’s science highlights enabled by waveform models.
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The effective-one-body formalism



Can we get insights on accuracy from PN 2-body Hamiltonian?
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Can we get insights on accuracy from PN 2-body Hamiltonian?
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The problem of motion in Newtonian gravity

1 1 mi msa
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Two-body Hamiltonian Newt = 5 p; + ST, ps +U(r) (7) -
® Reduction to one-body Hamiltonian
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* H\ewi(T, P) describes a test-body of mass

u orbiting an external mass M S

: : : L=4M
o Effective radial potential 02 " )
= |
Ueﬁ(f,a) B 1 L2 M ::;0.1-_ L=34641 Mp i
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* Bound orbits are closed. \% _ —
* For any angular momentum L # O there R S T ‘1'2/'N'[‘ 6 20
I,

exists a circular orbit



One-body problem: test-particle orbiting non-spinning BH

¢ Schwarzschild metric

ds® = (1 _ ) dt’ + (1 _ ) dr? + r? dO?

ggfhwpﬂpy+ﬂ =0 E=-p,

2M 2 2M
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® Hschw describes a test-body of mass U
orbiting a black hole of mass M.

o Effective radial potential N
V2 oM L? w5
eff2(7') _ (1 o _) (1 4 . 2) > :
M r Q=T 0.8
* For L < Lisco circular orbits no longer

exist.
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How far in strong-field regime can we push PN approximation?

* Circular-orbit energy for a test-body in Schwarzschild spacetime:

gt p.p,+pu’=0 E = —p,
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The effective-one-body (EOB) approach

* EOB approach introduced before NR breakthrough.

PN Theory Effective one body Numerical relativity
conservative dynamicsand GW | __ | conservative dynamics and GW — two—body dynamics and GW
emission computed as a Taylor | - __.| emission re—written in summed - emission computed with all

expansion and/or factorized form non-linearities

* EOB model uses best information available in PN theory, but resums PN terms in
suitable way to describe accurately dynamics and radiation during inspiral and plunge
(going beyond quasi-circular, adiabatic motion).

* EOB assumes comparable-mass description is smooth deformation of test-body
limit. It employs non-perturbative ingredients and models analytically merger-
ringdown signal.



The effective-one-body approach in a nutshell

y:% 0<v<1/4
u,:mjl\;na M=m1—|-m2

* Two-body dynamics is mapped
into dynamics of one-effective
body moving in deformed black-
hole spacetime, deformation being
the mass ratio.

* Some key ideas of EOB model
were inspired by quantum field
theory when describing energy of
comparable-mass charged bodies.

Real description Effective description

m j
Map
= e
8 v g
m ",
Ereal /I\ _ — Eeff /I\ ::—
Jreal Nreal Jeff A‘gff

(AB & Damour [998)



Finding the energy for comparable-mass binary black holes

* Thinking “quantum mechanically’’ (a laWheeler): N & J are classical action
variables, and are “quantized” in integers. Natural to require that “quantum

numbers” (N & J) between real and effective descriptions be the same.

* Real description:

1 pa? 2 115—14
Ereal(Na‘]):Mc2__& |:1 | - ( 0 — ° V)‘I‘:|704:GMM

2 N2 2 \NJ 4 N2

* Effective description:

o lpa” [ a® [Cs1  Cyg _
Bug(N,J)=pc® — 2HY 11 & (X3 0 4 ...
w (N, J) = oN? | T2 (NJ S

, a=GMu

* Allow transformation of energy axis:

FNR ENR N 2
ENt =EXS |1+ o /;Ce;“ IO@( real) -




Energy for comparable-mass bodies

® Classical gravity (AB & Damour 1998):

Fe
Efeal — m% + m% - 2m1m2< H)
L4

® Quantum electrodynamics (Brezin, ltzykson & Zinn-Justin [970):

1

E? m2 + m?2 + 2mim
! : ! 2\/1—|—Z2042/(n—ej)2

real —




EOB Hamiltonian: resummed conservative dynamics

e Real Hamiltonian > e Effective Hamiltonian
HPN — [ H o ..
real Newt T 11PN + f12PN + D2 1 P2
e 1 B (1) ]
(r) p? - \Bu(r) p?

ds’q = — A, (r)dt? + B, (r)dr? + r?dQ?

B (r) = D, (r)/A,(r)

 EOB Hamiltonian: HFEOB — M\/l 4+ 2p (Heffv _ 1)
L

* Dynamics condensed Ay(r) and By(r)

* Av(r), which encodes the energetics of circular orbits, is quite simple:

— — —TT
3 4 5
r r 3 32 r r *~ 5pN

B 2M_|_2M3V N (94 41 2) M4 N as(v) + alg)g(u) log(r)



EOB dynamics and waveforms

effective particle

S4 —~ 52 MAP M (reduced mass),
“ — spin Seff
m1
N~ Mo effective spacetime

(credit: Hinderer) M (total mass), Stotal

HI/
Hf;g)lB—M\/1+2u< off —1)
i

* EOB equations of motion (AB et al. 00, 05; Damour et al. 09):

OHEOB dE dE
= real Fx-—, — B |2
OHEOB
. | N EOB
P or -F S = {87 Hreal
* EOB waveforms (AB et al. 00; Damour et al. 09; Pan et al. | |):
higr;?ip—plunge _ hlE\Ifrth e—im(b Seff TEm e’idgm (pem)e h?{i}(}



Black-hole perturbation theory: quasi-normal modes



If perturbed, BHs ring or vibrate: quasi-normal modes

* Equation of gravitational perturbations

in BH spacetime: oasp T T T black hole :
TH ol O.10;wat horizon ‘\\ outgoing aM _%
(Regge & Wheeler 56, Zerilli 70, Teukolsky 72) = %1 $lack-hole horizon =\
= 0.05F s E
- Vim Y = 0.00 - ---7=-1--} - o ettt O A TR R :
ot? Or? 50 40 -30 20 -10 é)M 10 20 30 40 50
r.
(Vishveshwara 70, Press 71, Chandrasekhar et al. 75) Schwarzschild BH
50— o —
e If BH’s size is Ryyy = 2GM/c?and mass 20l o
- N - highly dampe 7
M =20M, = Rgy ~ 60km, th.en the = 1 modes
travel time of spacetime vibration is = 30p
= Rpy/c ~ 0.2 msec Clg 2ol
* For each (I,m), infinite tower of overtones n. 10'_ove,~tones
* For astrophysical black holes (zero charge), o- — "0'5/';00
QNM’s frequency and decay time only | ' QMW
mn

depend on mass and spin.



If perturbed, BHs ring or vibrate: quasi-normal modes

* Equation of gravitational perturbations

in BH spacetime: L
HIH N O.10;wat horizon \‘\\ outgoing aM _%
(Regge & Wheeler 56, Zerilli 70, Teukolsky 72) = %1 $lack-hole horizon =\\
= 0.05F El :
- Vim ¥ — 0.00f----5-----7-- T -
ot? Or? 50 40 -30 20 -10 é)M 10 20 30 40 50
r.
(Vishveshwara 70, Press 71, Chandrasekhar et al. 75) Schwarzschild BH
50— — —_—
40F hi .
e For a Schwarzschild BH of M = 20M; = | highly dampe
< a0l modes
fomo = 604 Hz, 19,,0 = 1.10 msec § |
AN 20+
fom1 = 560 Hz, 19,,,1 = 0.36 msec | _
foma = 486 Hz, 19,0 = 0.20 msec 10-°verti;
0=5H0 05 00




Merger-ringdown waveform in small-mass

ratio limit
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On the simplicity of merger signal in small-mass ratio limit

* Equation of gravitational perturbations

in BH spacetime 0.45F T T T T T T T T T R T T T ok hole
TR gin in rizon l,, “\ utgoin infinity g
Regge & Wheeler 56, Zerilli 70, Teukolsky 72) o 0.10raahone T R &
(Regg ¥ 72) = M S ackehole horizon AR :
v 9PV A
Ot? Or2 - Vim ¥ = Stm 0.00f-=g-=gmopmrmgmmgmmpmmmge™ ) (% 0 0y S
t T* -50 -40 -30 -20 -10 0 10 20 30 40 50

r./M

e Peak of black-hole potential close to “light ring”.

e Once particle is inside potential, direct gravitational radiation from its motion is
strongly filtered by potential barrier (high-pass filter).

* Only black-hole spacetime vibrations (quasi-normal modes) leaks out BH
potential.

(Goebel 1972, Davis et al. 1972, Ferrari & Mashhoon [984)



Semi-analytical estimate of the merger-ringdown signal



EOB inspiral-merger-ringdown analytic waveform

20

15

10

h(?)

Heff
o

2 2
= m7i + m5 + 2mims

: GM\ ©v?
insp—plunge _
ptePTP g(t)—y(02D> ) cos 20
v GMw 1/3
E = ( 3 ) U — ,U//Z\/i

022
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-0.08
-0.18 inspiral + plunge
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. K naive LSO
—0.28 1 W r-LSO
[ &/-LSO v=1/4
i O E-LSO
-0.38 | P 0-LSO
048 L
-200 -100 0 100

‘M

(AB & Damour 00)



EOB inspiral-merger-ringdown analytic waveform

* The plunge ( ~ 1.5 GW cycles) is a smooth continuation of inspiral phase.

* The transition merger to ringdown is assumed to be very short.

e One single QNM is matched with My, = Ej = 0.976 M, agy = Jgy /Mg = 0.77

prrereet RO (1) = A e (T maten) [TONM cos[waum (t — tmaten) + Bl In 2005, NR breakthrough found
0.68 for equal-mass binary merger.

DO [T : l
- ———-r-LSO v=1/4 f 0.22 1
15 i ]
: 0.12 - .
I I |
10 ¢ I '| A
0.02 | i l-". i
: o f b e
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/ \ S 008 i
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\ / ] I
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-15 |- ~0:38 | » w-LSO
’ ] 048 Lo
T J B
20 -15  -10 -5 0 5 10 15 20 —200 ~100 0 100
x /M

(AB & Damour 00)



EOB inspiral-plunge waveform & frequency

* Evolve two-body dynamics up to light ring (or photon orbit) and then ...

04 | , | , , | , | . , , i T T T T T T B T | T ] 646
plunge, - i . -
inspiral ﬂ : - : il 2
A 05 . 1539 5
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? 04l QNM 143 =
£ . S | =
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D 0 : g 03 | 323 B
= 5 = i | 2
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- _ O 02k ‘| —2152
02 V - light-ring - ° 1 8
; [ inspiral | N
v |J: 0.1 ‘| —107 3%
“ | I light-ring : \ S
04 o L T - Y B — l 00 I T S NN S S R R ! \|\ .
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t/M t/M

* Quasi-normal modes excited at light-ring crossing

(Goebel 1972, Davis et al. 1972, Ferrari et al. | 984, Damour et al. 07, Barausse et al. | |, Price et al. 15)



waveform

EOB inspiral-merger-ringdown waveform & frequency
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* Very short/simple transition
plunge-merger-ringdown: “easy”

to model!
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* Energy quickly released
during merger: 2%-12%M



Numerical Relativity: first binary black-hole simulations

* After more than 40 years of steady work (Choquet-Bruhat,York, Smarr, Price, Pullin, Briigmann,

Gundlach, Alcubierre, Brandt, Seidel, Shibata, Nakamura, Baumgarte, Shapiro, Teukolsky,...) ...

* Breakthrough in 2005 (Pretorius 05, Campanelli et al. 06, Baker et al. 06)
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(Baker et al. 06)
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The (plunge and) merger in first NR simulations

(AB, Cook & Pretorius 07)

- — . — initial pre-merger AH shapes T T T
- — - - final pre-merger AH shapes
initial enveloping AH shape
late time AH shape
- =« = est, late time co-rotating light ring
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* Very short/simple transition
plunge-merger-ringdown
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* Energy quickly released
during merger: 2%-12%M
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First comparison/calibration between NR and EOB model

¢ Uncalibrated EOB waveform e Calibrated EOBNR waveform
at 3.5PN order |

-ttt L 7 3 T T T T T T T T T T T b/—\l |/|\| |/|\| pl | T
0.10 B p— numerical relativity ,': . I \/ \/ \/ ]
| |—— EOB inspiral-plunge waveform :| 1 i U ]
- |—— EOB merger-ringdown waveform n: ’ 2 —
0.05:— Q — n H
i ] 1?\ | A | {\ \ | n
0.00F oF
-0.05 IF il U H“
! : — NR waveform i
I ] 21 — EOB waveform E
-0.10- 7 i i
=N EET R R R RN EATI RIS R IR AN SN ANE AT ET N AT SRR STATATa
-200 -150  -100 -50 0 50 —_13200—1000 -800 -600 -400 -200 O
(t-t., )M t/M
(AB, Cook & Pretorius 07) (AB, Pan, Baker, Centrella, Kelly at al. 08)

(see also Damour et al. 08)



BBH searches in initial LIGO (S5 & S6 runs)

(Abadie et al. PRD83 (2011) 122005,
Abadie et al. PRD87 (2013) 022002 )

* First upper limits from iLIGO
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Completing EOB waveforms using NR/perturbation theory information

gravitational-wave cycles
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Calibration of EOBNR for O[1-O3 searches/follow-up analyses

1.0}

|41 SXS simulations

0.5 (Pan, AB et al. I3, Taracchini, AB, Pan,

Hinderer & SXS 14, Piirrer 15)

(Bohe’, Shao, Taracchini,AB & SXS 16,
Babak et al. 16)

00O SEOBNRv4
OO SEOBNRv2 ““8
O Teukolsky =

A validation

0.0}

0.5}

(Bohe”et al. 16) _ (see also Nagar et al. 18)
-1.0 :
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Inspiral-merger-ringdown phenomenological waveforms



Phenomenological waveforms used in O1-O3 follow-up analyses

* First works in mid-late 2000 (Ajith et al. 07, Pan et al. 07, Santamaria, Ohme et al. 10)

(If PN were used instead, accuracy will degrade, because of “gap” between PN and NR)

'4

* Fast, frequency-domain waveform model hybridizing EOB & NR waveforms, and

then fitting (Schmidt et al.|2; Hannam et al. |1 3; Khan et al. 1 5; Husa et al. 15; Khan et al.
I8-19; Garcia-Quiros et al. 20, Pratten et al. 20)
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On phenomenological inspiral-merger-ringdown waveforms

(Santamaria, Ohme et al. 10)

B(f; M) = A(f; M) €902

”

M f —7/6 i f < (1.01/2—1—1)01/—{—00
(1'01/2+b01/—|—co M
A f >\ _ Y M f _2/3 . CI.OI/2+b()I/+C() (1.11/2+b11/+cl
WA= O > i ) S T
agr<+bgr+-c(
r (1.11/2+b11/+cl 221/24—1)91/4—02 y (1.11/2+l)11/—|—c1 < a.gz/2+b31/+03
wk S 2.7 a— T 1 7T =< ===
\

1 < .
O(fs M) = 2mfto+ oo+ — > (@i v’ + wv + ) (rM )"
k=0

(Schmidt et al. | 2; Hannam et al. |13; Khan et al. 15; Husa et al. 15; Khan et al. 18-19; Garcia-Quiros et al.
20, Pratten et al. 20)



Surrogate models using NR simulations

* First works in late 2000 (Field, Galley, Tiglio; Blackman,Varma, Scheel, .. .)

* NR surrogate models are built directly by interpolating NR simulations, which are
selected in parameter space using analytical waveform models.

* Highly accurate, but limited in binary’s parameter space and length (~20 orbits).

= = NR surrogate SEOBNRv3 NR
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Ever more physics in waveform models

Family tree of EOBNR waveforms

aligned spins +
higher-order modes
SEOBNRV4HM \
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precessing spins +
higher-order modes
SEOBNRvV4PHM

Other family trees for
IMRPhenom &
TEOBResumS

aligned spins
+ higher-order modes
+ parametrised merger-ringdown

eccentricity
EOBNRv2E, SEOBNRv4EHM
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Science with GW observations



Template bank used in LIGO first observing run (O1)

(Abbott et al. Phys.Rev. X6 (2016) no.4,041015)
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NR simulation of GW 150914 & comparison with EOBNR

04—

02

Re [rh22/M]
<

=

-0.2

30 Hz for M = 70 Msup

| | | | | | _ | | | |
-1500 -1000 -500 0 ' 50 0 50

e VD t-t_ (M)

< (20 Hz for M = 70 Msun

-04

[\
o
-

(Ossokine,AB & SXS)

e Waveform models very closely match the exact solution from Einstein
equations around GW 150914 & GWI51226.

e Systematics due to modeling are smaller than statistical errors.



NR simulation of GW 151226 & comparison with EOBNR

Strain (1072%)

f (Hz)
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A OOOO
O OO0
I 1T

(Abbott et al. PRL 116 (2016) 241103)
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Matching models against data to unveil source properties

CARDIFF
UNIVERSITY
(CARRDY(®

Data

— Predicted
Distance: 800 MPc

Total mass: 200 M, GW I 509 I 4

* GWI150914 took place

| .4 billion light-years
away.

—
ho)
q
o
—
X
=
£
©
—
e
n

0.35
Time (s)

Data & Best-fit Waveform: LIGO Open Science Center (losc.ligo.org); Prediction & Animation: C.North/M.Hannam (Cardiff University)

* Binary’s component black holes: * Final black hole:
- m|= 36 solar mass -m = 62 solar mass
- my = 29 solar mass - intrinsic rotation= 67% of

maximum value



Inferring sources’ properties/model selection upon detection

* Bayes theorem:

Likelihood function ‘ ‘ prior probability

P(0]d, H) o A(d|6,H) x P(6,H) |

1072 + M Virgo
B Hanford

posterior probability . 1 /B Livingston
distribution T 10_21—;

> 1
e |ikelihood function for observed = i

=
data d(t) = n(t) *+ h(t), given hypothesis £
that there is GWV signal with

RN
parameters § s 10727 5 k

A(d|0,H) x exp (—22 ) - h(fi;9)2> w0 1000

Sn (fz) Frequency (Hz)

(1011%1 (£102) 611 Tdd P 1@ 1n0qqy)



Inferring sources’ properties/model selection upon detection

* Bayes theorem:

Likelihood function prior probability
i ‘ Data Wayvelets BBH A
1.0 _
PO|d, H) < A(d|0,H) x P8, H) ! Hantord 3
T 0.5 C
posterior probability é > _\/\/\Af\/\N\/\P’\_ "
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5 : T
T . T —1.0 7 4 €
e Likelihood function for observed 5 ] Livingston
data d(t) = n(t) + h(t), given hypothesis é 053 =
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o
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A(d|0,H) o exp (—22 d/:) — M J3:6)] ) 080 053 054 06 088 060 062

Sn(fi) Time from Wed Jan 04 10:11:58 UTC 2017 [s]

e Subtracting best-fit GR waveform model (MaP) from data
05F T I T = T I T I

0.0l s VU WL i S A g ali s
-0.5 F 4k

- Residual - Residual

(10112Z (£1027) 811 T¥d ‘I 1° 1n0oqqy)



Unveiling binary black holes properties: masses

GWI150914

mZOUI'CG S ijlOUI'CG

precessing EOBNR
—— precessing IMRPhenom

(Abbott et al. PRX 6 (2016) 041014)
m;ource/MQ

25 30 35 40 45 50
miource /M o

* We measure best the “chirp” mass

* GWI150914: merger in band, total

mass well measured, good
measurement of individual masses.

GWI51226

12 -
— Average

—  Precessing

— Non-precessing

(M)

source
2

(01147 (910Z) 911 Tdd [P 1@ noqqy)

0 10 20 30 40 50

M (M. )
M = M v3/?

* GWI151226: merger outside band,

individual masses measured less
precisely.



Unveiling binary black-holes properties: spins

GW 150914 GWI151226
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Binaries’ distance and orbital-plane inclination

Ky =
S 800 - —— Qverall 1000 - — Qverall 8‘
< —— [IMRPhenom —— |IMRPhenom <
o —— EOBNR ——— EOBNR 2
'@ 600 - 800 Q.
S i o U
N >
~ —
O o 600
O & o, _—
=" 400 - = —
§ ~_ ~ (@ N
— —
RS Q400 N
- - (-
- — —
N o
(B} 200
— No
15 N
2 o- —
0
< &
| | | | | | . | ~
0° 30° 60° 90° 120° 150° 180° 0° 30° 60° 90° 120° 150° 180°

07N 0 1n



Unveiling binary neutron-star properties: masses

(Abbott et al. PRX 9 (2019) 1,011001 )

Taylork2
PhenomDNRT
= PhenomPNRT
SEOBNRT

1.30-
"6 1.25
ot GWI170817
§1.20

1.153 M = 1.1881L8.883M0

1.10-

| x| < 0.05
PO 16 17 b

* Degeneracy between masses

and spins.

* Observation of binary pulsars
in our galaxy indicate spins are
not larger than ~0.04.

e Current measurements of NS
masses dominated by

statistical error.



Bounding PN parameters: inspiral

e GWI150914/GW122615’s rapidly varying orbital periods allow us to bound
higher-order PN coefficients in gravitational phase.

~

h(f) — A(f)ezgp(f) ¢(f) —Pref + 27Tftref —+ @Newtv_5
[1 + ©0.5PN U + ©1PN v?

(Abbott et al. PRX6 (2016)) +P15pN VU e
0
fff!fffé}iﬁiéééffffff?fffffffffff?ffffffffff?fffffffffff?fffffffffff?fffffffff-ffff V= (2Mf)1/3

......GW1515226¢GW15.0914 ..... S SO . S .. B

| @ m el
T e 3
P o o ® @ | PN parameters describe: tails of

_:::::::::::::::””:::::::-::::::::::ﬁ::::::::ﬁﬁﬁ:::::::::::ﬁ:::::::::::_:.:::::::::::ﬁﬁ:ﬁﬁ_ I‘adiation due to baCkscattering,
1 ' --------- U [ S S o ~t  spin-orbit and spin-spin couplings.

0¢|

_. """"" ' """" .90%upperbounds """ i
o'y & ... *PNparameters take different values
T in theories alternative to GR.
| | | | | | | |

OPN 0.5PN 1PN 1.5PN 2PN 2.5PN 3PN 3.5PN
PN order



Bounding the graviton Compton wavelength (mass)

| (Abbott et al. PRL 116 (2016) 221101 )
* Phenomenological approach:

modified dispersion relation, thus

GWs travel at speed different from
speed of light. g E
Zosk : 2
2 22 2 4 h ;:s g
E“ =p“c*+mic® Ag=— 32 S
g mq,C £ 3
g . >
=
O
* Lower frequencies propagate 00
slower than higher frequencies. Ag (km)
’Ug | h?c? " - mDc
= =1 —_— MG = —73
=R VY oF N(1+2)f

mg < 1.2 x 10722eV /¢



Black holes & neutron stars discovered so far by LIGOs/Virgo

e GWs from 90 cosmic collisions!

Masses In the Stellar Graveyard

LIGO-Virgo-KAGRA Black Holes LIGO-Virgo-KAGRA Neutron Stars EM Neutron Stars

QO

eIt

) T g i j Og Iém gg o
\‘ ‘\ °




All kind of turmoil in the universe can ring spacetime

* Pulsars emit radio waves with extremely
stable period.

09 NS

DInGsN qbi)

e Core of massive star ceases to

® GW signal is continuous and periodic.
generate energy from nuclear

fusion and undergoes sudden * Best constraint on NS "mountains”
collapse forming a neutron star. from LIGO/Virgo is 100 microns!
e GW signal is unshaped burst (Abbott et al. ApJL 902 (2020) 1,L21)

lasting for tenths of millisecond.

14 billion years

»
11 billion years
3 3 »

® Peering back to the early moments of our Universe.

e Stochastic GW background produced during rapid
expansion of Universe (cosmic inflation).

® GW signal like “random noise”.




The bright future of GW astronomy in space and on the ground

Increasing wavelength
* Gravitational-wave spectrum YAVAVAVAVAVAVAVAVAVAVAVAVAVAY
parsec
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(credit: AB) <+——> +—> <> <+>
LIGO/Virgo/KAGRA LISA Pulsar Timing Array CMB
< >
Einstein Telescope/Cosmic Explorer
Einstein Telescope

Earth 25 million kM

1 AU (150 million km)
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Some of the material presented is based upon work supported by NSF’s LIGO
Laboratory, which is a major facility fully funded by the NSF, by the STFC, and the
Max Planck Society, and by the Virgo Laboratory through the European
Gravitational Observatory (EGO), INFN, CNRS, and the Netherlands Organization

for Scientific Research, and of many other national research agencies of the
members of the LIGO-Virgo-KAGRA Collaboration.
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Hamilton-Jacobi formalism: “real” description

* The two-body dynamics can be summarized in a coordinate-invariant manner

by evaluating the “energy level” of the system
/ 5 &Y Y (AB & Damour 1998)

1 1
Hreal(Pa Q) — HNewt + Z HlPN + g HZPN T e Hrljﬁ — Hreal —Mc”

conservation of energy and angular momentum

0S
S=— Ereal t+J real ¢ + SR(R’ Ereal’ Jreal)
P, =Jea>» Pg=dSg/dR

HYX(P.Q) = ENY > Su(RES ) = | dR AR E T

real real real”’ real’

@2PN it is a fifth-order polynomial in I/R

ial action vari RRER I =22 6 ar [AR B =GuM
radial action variable: (R, E_}, real)—z—ﬂ (R, E 1> Jreal) a=Gu
Rmin
1 ua?

2
N, real

real “energy levels”: E st (Nieals Jrea) = M —

1
1 + O <_>] Nreal = IR + Jreal
6‘2



Hamilton-Jacobi formalism: “effective’ description

* We need to associate to “real” two-body dynamics S, (z!', z;), an “effective”

one-body dynamics in external spacetime with action:

Sualzy) = =1 | s

0 Seff
aq

P = I"Elql

Pp=Jeg, Pr=dS"Idr

eff eff
- 0S¢ oS

e 2:()
Suv Oxt  OxV TH

effective “energy levels”:  E (N Jop) = M — 5

D ,(r)

A (1)

ds2e = — A(r)dt* +

AN =) a,w)

(AB & Damour 1999)

dr? + r? dQ?

1%

M\" 2 GM\"
) D(r) = Zdn(u) (—)
n=0 r

EXXt+ T+ SM(r, EXX, o)

= S By Jer) = Jdr VE ENR, )

a=GuM

c2

1
1+ 0 <—>] N = I+ J



EOB factorized modes with spins

h21l / Thew

| hyl / K™ - 1|

* Gravitational modes for particle orbiting Kerr BH
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(Damour, Nagar & lyer 09, Pan, AB, Fujita Racine & Tagoshi 10)



Completing EOB waveforms using NR/perturbation theory information

A(r)=1— —+

r rs

ro 70

2M  2M°v N (94 41 2) M*v N as(v) + a2 (v) log(r) N ag (V)

(Damour et al. 07-09, AB et al. 09, Pan et al. 09, Bernuzzi et al. | |,Pan etal. | ])

e Once a; and ag are calibrated, the EOB light-ring (peak of orbital frequency)

automatically occurs close to the time when h™" reaches its peak

2 3
NQC __ pr* 1 1 . 2 pr*
h = |14 () (a1 -1—&2;-1-@3 r3/2) exp [’L (bl L= + b2 ,,Q>]

EOB

e a;, b; are obtained imposing that the peak of / occurs at the EOB light-ring,

its value and its second time derivative, """, """, coincide with the NR ones

.. NR
|RNE (Pl || R (8P |, wN B (ePerk) ONR(tP°K) = modeled as polynomials in v



Calibrating EOB to Teukolsky-equation—based waveforms

* Solving Teukolsky equation for perturbations in Kerr spacetime

—~ —— EOB Re(hzz) R/M —Tr T -

10_3 _ Teuk-code Re(h,,) R‘'M i _ _ 10.3
:MMMMHMMM: :
0} i \/\,\;o
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107 u “ 1107
8000 8200 8400 8600 8800 8900 8950
OF o B _50.1

| 100
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r cos(0)/M t/M t/M

(Taracchini,AB, Khanna & Hughes |3, Barausse, AB,
* Retrograde orbit: BH’s spin = -0.5 Hughes & Khanna | 1)

(see also Damour & Nagar 07, Bernuzzi et al. 10,
I'l,Harms et al. 14, 16)



Strong-field effects in binary black holes included in EOB

Finite mass-ratio effects make gravitational interaction less attractive

(Taracchini,AB, Pan, Hinderer & SXS 14)
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EOB conservative spin resummed dynamics

effective particle

S —~ S MAP M (reduced mass),
“ —— spin Seff
Mo w effective spacetime
(credit: Hinderer) M (total mass), Sotal
v e What is H_. when compact objects carry
HI]'Ee)ng = M4 /1 —+ 2V ( ol _ 1) Spin?
i
. 2 Kerr
Jxers PuDv = —p°  Hg™ = —po (for simplicity we restrict to equatorial orbits)

. . | 2 2
* Test spin in Kerr spacetime: /71" = u\/AKerr <1 + e 4 B > + [GS*" (r) a + G (r, p) ax] py

s. I !

a* = (Barausse & AB | 1) , , ,
gyro-gravitomagnetic functions

uM

(see also Damour 01, Damour, Jaranowski & Schdfer 08; Damour & Nagar |4; Rettegno et al. 20)



EOB conservative spin resummed dynamics

effective particle

St —~ 92 MAP MU (reduced mass),
" — spin Seff
M1
\_'/ Mo w effective spacetime
(credit: Hinderer) M (total mass), Sotal
y e What is H”.. when compact objects carr
HyoP? = M 1+21/(Heff—1) in? M ine i t 'P l‘ t fI;”
y spin? Mapping is not unique, variants of /.
exist.
S=951+ 959 S*Zﬁsl—l—ﬁsz
mi ma
o . . L Kerr-orb,V SSal/
Test Spin: eyff — Heff - [gg (I‘, p) S + gg* (I‘, p) S*] pép + Heff

(Barausse, Racine & AB 10; Barausse & AB | 1, 12;Vines et al. |16; Khalil et al. 20)

(see also Damour 01 Damour, Jaranowski & Schdfer 08; Damour & Nagar |4; Rettegno et al. 20)



Spinning precessing waveform models
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—— Numerical relativity
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Precessing (co-rotating) frame
(AB, Chen & Vallisneri 03, Boyle et al. I 1, (Pan et al. 14, Babak et al. 16)
Schmidt et al. | |, O’Shaugheessy et al. | | )

* Single effective-spin precessing waveform model in frequency domain (IMR
phenomenological, | 3-independent parameters). (Schmidt et al. | 2, Hannam et al. 14)

* Double-spin precessing waveform model in time domain (EOBNR, |5-
independent parameters). (Pan et al. |4, Babak et al. | 6)



Effect of orientation of binary’s orbital plane

spin nonprecessing binary
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Effect of orientation of binary’s orbital plane (contd.)

spin precessing binary
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